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Periodic Light Conductors aka Photonic Crystals

Johnson & Joannopoulos (2004) Joannopoulos, Soljačić et al (2009)



Quantum Hall Effect for Light

Predicted theoretically by Raghu & Haldane (2005) ...
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Before we discuss the results of our measurements, we will first
describe how we arrived at this particular choice of experimental
system. We chose rods in air for the basic photonic-crystal geometry
because of ease of fabrication. We then performed a series of numerical
simulations for a variety of rod sizes and lattice constants on a model
2D photonic-crystal system to optimize the band structure and
compute corresponding band Chern numbers using material
parameters appropriate to a low-loss ferrite (Methods). Our numerical
simulations predicted that when the ferrite rods in this photonic
crystal are magnetized to manifest gyrotropic permeability (which
breaks time-reversal symmetry), a gap opens between the second
and third transverse magnetic (TM) bands. Moreover, the second,
third and fourth bands of this photonic crystal acquire Chern numbers
of 1, 22 and 1, respectively. This result follows from the C4v symmetry
of a non-magnetized crystal17. The results of our simulations for the
photonic crystal with metallic cladding are presented in Fig. 2. (Similar
numerical results were obtained in ref. 7, albeit using a different
material system and geometry.) Here we show the calculated field
patterns of a photonic CES residing in the second TM band gap
(between the second and the third bands). Because the sum of the
Chern numbers over the first and second bands is 1, exactly one CES
is predicted to exist at the interface between the photonic crystal and
the metal cladding. The simulations clearly predict that this photonic
CES is unidirectional. As side-scattering is prohibited by the bulk
photonic band gaps in the photonic crystal and in the metallic
cladding, the existence of the CES forces the feed dipole antennas
(which would radiate omnidirectionally in a homogeneous medium)
to radiate only towards the right (Fig. 2a, c). Moreover, the lack of
any backwards-propagating mode eliminates the possibility of
backscattering, meaning that the fields can continuously navigate
around obstacles, as shown in Fig. 2b. Hence, the scattering from the

obstacle results only in a change of the phase (compare Fig. 2a and
Fig. 2b) of the transmitted radiation, with no reduction in amplitude.

For CESs to be readily measurable in the laboratory (where it is
necessary to use a photonic crystal of finite and manageable size) they
must be spatially well localized, and this requires the photonic band
gaps containing the states to be large. The sizes of the band gaps that
contain CESs (and the frequencies at which they occur) are determined
by the gyromagnetic constants of the ferrite rods constituting the
photonic crystal. Under a d.c. magnetic field, microwave ferrites
exhibit a ferromagnetic resonance at a frequency determined by the
strength of the applied field18. Near this frequency, the Voigt
parameter, V 5 jmxyj/jmxxj (where mxx and mxy are diagonal and off-
diagonal elements of the permeability tensor, respectively), which is
a direct measure of the strength of the gyromagnetic effect, is of order
one. Such ferromagnetic resonances are among the strongest low-loss
gyrotropic effects at room temperature and subtesla magnetic fields.
Using ferrite rods composed of vanadium-doped calcium–iron–
garnet under a biasing magnetic field of 0.20 T (Methods and
Supplementary Information), we achieved a relative bandwidth of
6% for the second TM band gap (around 4.5 GHz in Fig. 3b). As
discussed earlier, this is the gap predicted to support a CES at the
interface of the photonic crystal with the metallic wall. We emphasize
again that band gaps with trivial topological properties (that is, for
which the Chern numbers of the bulk bands of lower frequencies sum
to zero), such as the first TM band gap (around 3 GHz in Fig. 3b), do
not support CESs. All of the insight gained from the model 2D photo-
nic-crystal system was then incorporated into the final design (Fig. 1).
To emulate the states of the 2D photonic crystal, the final design
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Figure 1 | Microwave waveguide supporting CESs. a, Schematic of the
waveguide composed of an interface between a gyromagnetic photonic-
crystal slab (blue rods) and a metal wall (yellow). The structure is
sandwiched between two parallel copper plates (yellow) for confinement in
the z direction and surrounded with microwave-absorbing foams (grey
regions). Two dipole antennas, A and B, serve as feeds and/or probes. A
variable-length (l) metal obstacle (orange) with a height equal to that of the
waveguide (7.0 mm) is inserted between the antennas to study scattering. A
0.20-T d.c. magnetic field is applied along the z direction using an
electromagnet (not shown). b, Top view (photograph) of the actual
waveguide with the top plate removed.
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Figure 2 | Photonic CESs and effects of a large scatterer. a, CES field
distribution (Ez) at 4.5 GHz in the absence of the scatterer, calculated from
finite-element steady-state analysis (COMSOL Multiphysics). The feed
antenna (star), which is omnidirectional in homogeneous media
(Supplementary Information), radiates only to the right along the CES
waveguide. The black arrow represents the direction of the power flow.
b, When a large obstacle (three lattice constants long) is inserted, forward
transmission remains unchanged because backscattering and side-scattering
are entirely suppressed. The calculated field pattern (colour scale) illustrates
how the CES wraps around the scatterer. c, When antenna B is used as feed
antenna, negligible power is transmitted to the left, as the backwards-
propagating modes are evanescent. a, lattice constant.
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Joannopoulos, Soljačić et al (2009)



Quantum Hall Effect for Light

... and realized experimentally by Joannopoulos et al (2009)

Joannopoulos, Soljačić et al (2009)
Joannopoulos, Soljačić et al (2009)



Topological Effects: Phenomenological Similarities

Light Coupled Oscillators
Quantum

Periodic structure ⇝ bulk band gap
Breaking of time-reversal symmetries
Unidirectional edge modes

Robust under perturbations



Two Main Questions for Today

1 Is the Quantum Hall Effect for Light really analogous
to the Quantum Hall Effect?

2 Are there other topological effects?

⇝ Topological classification of electromagnetic media



Strategy to Obtain Classification

1 Rewrite Maxwell’s equations in the form of a Schrödinger
equation
(De Nittis & L., The Schrödinger Formalism of Electromagnetism and Other

Classical Waves (2017))

2 Apply Cartan-Altland-Zirnbauer classification scheme of
(quantum) topological insulators
(De Nittis & L., Symmetry Classification of Topological Photonic Crystals (2017))



Setting: Electromagnetic Waves in Linear Medium

Johnson & Joannopoulos (2004)

Assumption (Material weights)

𝑊(𝑥) = ( 𝜀(𝑥) 𝜒(𝑥)
𝜒(𝑥)∗ 𝜇(𝑥))

1 dispersion-free
2 lossless

(𝑊(𝑥)∗ = 𝑊(𝑥) hermitian)
3 not a negative or 0 index

material
(the eigenvalues of 𝑊(𝑥) are
positive and do not reach 0)

4 periodic
(𝑊(𝑥 + 𝛾) = 𝑊(𝑥) for all
lattice vectors 𝛾)



Schrödinger Formalism of Maxwell’s Equations

Real transversal states
(E,H) = 2ReΨ+

(𝜀 0
0 𝜇) 𝜕

𝜕𝑡 (E
H) = (+∇ × H

−∇ × E)

⎫}}
⎬}}⎭

⟷
⎧{{
⎨{{⎩

Complex states with 𝜔 > 0
Ψ = 𝑃+(E,H)

𝑀 = 𝑊 −1 Rot |𝜔>0 = 𝑀∗𝑊

i 𝜕𝑡Ψ = 𝑀Ψ

ℋ = {Ψ ∈ 𝐿2(ℝ3, ℂ6) ∣ Ψ is 𝜔 > 0 state}

⟨Φ, Ψ⟩𝑊 = ∫
ℝ3

d𝑥Φ(𝑥) ⋅ 𝑊(𝑥)Ψ(𝑥)
Energy scalar product

(De Nittis & L., The Schrödinger Formalism of
Electromagnetism and Other Classical Waves (2017))



Classification of Topological Insulators

1 Topological class ⟷ Discrete symmetries of 𝑀
2

Phases inside each
topological class

} ⟷ { Labeled by
topological invariants

3 Bulk-edge correspondences
physical

observable
} ⟷ {topological

invariant
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No Additional Symmetries Assumption

Assumption
Apart from those below the system (i. e. theMaxwell operator𝑀 ) has
no additional unitary, commuting symmetries.

Otherwise
1 Block-decompose according to unitary, commuting symmetry.
2 Repeat until no extraneous symmetries are left.
3 Analyze each block separately with the tools used here.



Symmetries Used in Classification

Example

𝑇3 = (𝜎3 ⊗ 1)𝐶 ∶ (E
H

) ↦ (+1 0
0 −1

) 𝐶 (E
H

) = (+E
−H

)

Pauli matrix 𝜎3 = ( 1 0
0 −1 ) in electro-magnetic splitting



Symmetries Used in Classification

Unitary symmetries

𝑈𝑛 = 𝜎𝑛 ⊗ 1, 𝑛 = 1, 2, 3

Antiunitary symmetries

𝑇𝑛 = (𝜎𝑛 ⊗ 1)𝐶, 𝑛 = 0, 1, 2, 3

𝐶 is complex conjugation

𝜎0 = 1 the identity

𝜎1, 𝜎2 and 𝜎3 are the Pauli
matrices in the E-H splitting

𝑈𝑛 and 𝑇𝑛 (anti)commute
with free Maxwell operator

Rot = ( 0 +i∇×

−i∇× 0 )

= −𝜎2 ⊗ ∇×



Admissible Symmetries

𝑊 = ( 𝜀 𝜒
𝜒∗ 𝜇) =

3
∑
𝑛=0

𝜎𝑛 ⊗ 𝑤𝑛

where e. g. 𝑤0 = 1
2(𝜀 + 𝜇) and 𝑤3 = 1

2(𝜀 − 𝜇)



Admissible Symmetries

𝑊 = ( 𝜀 𝜒
𝜒∗ 𝜇) =

3
∑
𝑛=0

𝜎𝑛 ⊗ 𝑤𝑛

Symmetry 𝑉 = 𝑤0 = 𝑤1 = 𝑤2 = 𝑤3 = Symmetry Type

𝑇1 = (𝜎1 ⊗ 1)𝐶 Re𝑤0 Re𝑤1 Re𝑤2 i Im𝑤3 +TR

𝑈2 = 𝜎2 ⊗ 1 𝑤0 0 𝑤2 0 ordinary

𝑇3 = (𝜎3 ⊗ 1)𝐶 Re𝑤0 i Im𝑤1 Re𝑤2 Re𝑤3 +TR

Admissibility Conditions
Reality of (E,H) ⟺ 𝜔 > 0 fields ↦ 𝜔 > 0 fields ⟹ 𝑉 𝑀 = 𝑀 𝑉
Compatibility with energy scalar product ⟹ 𝑉 𝑊 = 𝑊 𝑉

⟹ exclude anticommuting symmetries



Admissible Symmetries

𝑊 = ( 𝜀 𝜒
𝜒∗ 𝜇) =

3
∑
𝑛=0

𝜎𝑛 ⊗ 𝑤𝑛

Symmetry 𝑉 = 𝑤0 = 𝑤1 = 𝑤2 = 𝑤3 = Symmetry Type

𝑇1 = (𝜎1 ⊗ 1)𝐶 Re𝑤0 Re𝑤1 Re𝑤2 i Im𝑤3 +TR

𝑈2 = 𝜎2 ⊗ 1 𝑤0 0 𝑤2 0 ordinary

𝑇3 = (𝜎3 ⊗ 1)𝐶 Re𝑤0 i Im𝑤1 Re𝑤2 Re𝑤3 +TR

Admissibility Conditions
⟹ exclude anticommuting symmetries

Relevance to Classification
⟹ exclude unitary, commuting symmetries



Topological Classification of EM Media

De Nittis & L. (2017)

Non-gyrotropic

𝑊 = ( 𝜀 0
0 𝜇 ) = ( 𝜀 0

0 𝜇 )

𝑇3 = (𝜎3 ⊗ 1)𝐶

Non-gyrotropic, dual-symm.

𝑊 = ( 𝜀 −i𝜒
+i𝜒 𝜀 ) = ( 𝜀 −i𝜒

+i𝜒 𝜀 )

𝑇1 = (𝜎1 ⊗ 1)𝐶, 𝑇3 = (𝜎3 ⊗ 1)𝐶

Gyrotropic

𝑊 = ( 𝜀 0
0 𝜇 ) ≠ ( 𝜀 0

0 𝜇 )

No symmetries

“EH-symmetric”

𝑊 = ( 𝜀 𝜒
𝜒 𝜀 ) = ( 𝜀 𝜒

𝜒 𝜀 )

𝑇1 = (𝜎1 ⊗ 1)𝐶



Topological Classification of EM Media

De Nittis & L. (2017)

Non-gyrotropic
Class AI

Realized, e. g. dielectrics

Non-gyrotropic, dual-symm.
Two +TR ⟹ 2 × Class AI

Realized, e. g. vacuum and YIG
[Khanikaev et al, Nature 12 (2013)]

Gyrotropic
Class A (Quantum Hall Class)

Realized, e. g. YIG for microwaves

“EH-symmetric”
Class AI

Realized?
(No example known to me.)

4 different topological classes of EMmedia



Topological Classification of EM Media

De Nittis & L. (2017)

Non-gyrotropic
Class AI

Realized, e. g. dielectrics

Non-gyrotropic, dual-symm.
Two +TR ⟹ 2 × Class AI

Realized, e. g. vacuum and YIG
[Khanikaev et al, Nature 12 (2013)]

Gyrotropic
Class A (Quantum Hall Class)
Realized, e. g. YIG for microwaves

“EH-symmetric”
Class AI

Realized?
(No example known to me.)

Only one is topologically non-trivial in 𝑑 ≤ 3



Consequences of the Classification Result

1 Is the Quantum Hall Effect for Light really analogous
to the Quantum Hall Effect?
Answer: Yes! Both systems are in Class A!

2 Are there other topological effects?
Answer: In 𝑑 ≤ 3 (unfortunately) no!
(E. g. no analog of the Quantum Spin Hall Effect (class AII))



Comparison with Other Works

Bliokh et al’s “Quantum Spin
Hall Effect for Light”

Excitation of surface plasmons at
2d metal-dielectric interfaces with
circularly polarized waves

Surface waves have a
polarization-dependent transverse
component to 𝑘 vector

Due to conservation of total
angular momentum and fixed
polarization of surface plasmon

Not due to presence of odd
time-reversal symmetry (class AII)!

⟹ Not analogous to Quantum Spin
Hall Effect in topological sense

! 6!

vortex spin texture analogous to those in 3D electron topological insulators [7,8], but without the 
helical-fermion spinor properties (Fig. 2). 

Figure 4 shows a schematic of the experiments [22–27] revealing spin-controlled 
unidirectional transport in electromagnetic surface or guided waves. A transversely-propagating 
free-space light beam with the usual spin Sinc =σ y  (helicity σ = ±1) was coupled with the 
evanescent tails of the SPP or waveguide modes via some scatterer (e.g., a nanoparticle or an 
atom). In doing so, the opposite incident-spin states Sinc = ±y  excited the surface or guided 
modes running in the opposite directions: ksurf = ±z . This spin-direction correlation reached 
almost 100% efficiency in various systems, independently of their details. This proves the 
universal spin-momentum locking in optical surface waves, i.e., the QSHE of light. 
 

 
Fig. 4. Schematic of experiments demonstrating the quantum spin Hall effect 
of light. The incident y -propagating light (shown in green) is coupled to surface 
modes with evanescent free-space tails via some scatterer (e.g., a nanoparticle). 
Depending on the spin of the incident light, Sinc =σ y  (the helicity σ = ±1  is shown 
here by the circular-polarization arrows), surface waves with opposite propagation 
directions ksurf = ±z  are excited [22–27]. 

 
Thus, we have shown that light has intrinsic quantum spin Hall effect features, which 

originate from the spin-orbit interactions of photons. The corresponding spin-momentum locking 
originates solely from the basic properties of evanescent waves in Maxwell equations, and can 
be observed at any interface with the vacuum supporting surface or guided waves. In particular, 
surface plasmon-polaritons at a metal-vacuum interface exhibit features similar to those of 
surface states of topological insulators (i.e., vortex spin texture at the conical dispersion). Due to 
their trivial spinor structure, surface electromagnetic states are not helical fermions and are not 
protected from backscattering. Nonetheless, they do provide robust unidirectional spin transport. 
Our work shows that recent experiments, demonstrating highly efficient spin-controlled 
unidirectional excitation of surface or guided modes, can be interpreted as observations of the 
QSHE of light. Interestingly, the transverse spin locked to the direction of propagation seems to 
be a universal feature of surface vector waves of different nature. It appears in Maxwell and 
Dirac equations, as well as in Rayleigh surface waves in elastic media and surface-water waves. 
This offers robust angular-momentum-to-direction coupling in various surface waves as well as 
important analogies and generalizations involving quantum and classical wave theories. 

Bliokh et al (2015)



Comparison with Other Works

Unidirectional Modes of Fixed
(Pseudo)spin

Works of Xiao Hu et al and
Aleksander Khanikaev et al

Pseudospin degree of freedom in a
time-reversal-symmetricmedium

“Hamiltonian” aka Maxwell
operator 𝑀 = ( 𝑀↑ 0

0 𝑀↓
) has a

block decomposition

Topological classificationmust be
applied to 𝑀↑/↓

𝑀↑/↓ of (pseudo) spin ↑/↓ may not
possess time-reversal symmetry

Chern numbers 𝐶↑ = −𝐶↓ ≠ 0
possible

Not in contradiction, edge modes
come in ↑ / ↓ pairs

Khanikaev et al (2012)



Comparison with Other Works

Inclusion of Crystallographic Symmetries
Not yet performed

Schrödinger formalism of Maxwell’s equations: ideally suited
to transfer ideas from solid state physics to photonics

But framework used immediately allow transfer of existing
quantum techniques to electromagnetism



Thank you for your attention!


